Given the Dirac neutrino mass term, we explore the constraint conditions which allow the corresponding mass matrix to be invariant under the µ-τ reflection transformation, leading us to the phenomenologically favored predictions θ 23 = π/4 and δ = 3π/2 in the standard parametrization of the 3 × 3 lepton flavor mixing matrix. If such a flavor symmetry is realized at a superhigh energy scale Λ µτ , we investigate how it is spontaneously broken via the one-loop renormalization-group equations (RGEs) running from Λ µτ down to the Fermi scale Λ F . Such quantum corrections to the neutrino masses and flavor mixing parameters are derived, and an analytical link is established between the Jarlskog invariants of CP violation at Λ µτ and Λ F . Some numerical examples are also presented in both the minimal supersymmetric standard model and the type-II two-Higgs-doublet model, to illustrate how the octant of θ 23 , the quadrant of δ and the neutrino mass ordering are correlated with one another as a result of the RGE-induced µ-τ reflection symmetry breaking effects.
Introduction
The discoveries of solar, atmospheric, reactor and accelerator neutrino oscillations [1] have demonstrated that the standard model (SM) of electroweak interactions is incomplete and must be extended in a proper way so as to accommodate tiny neutrino masses and significant lepton flavor mixing. The simplest way to do so is to introduce three right-handed (or SU(2)-singlet) neutrino fields N αR (for α = e, µ, τ ) into the SM and write out a gauge-invariant, Lorentz-invariant and lepton-number-conserving mass term of the form
whereH = iσ 2 H * with H being the SM Higgs doublet, ℓ L denotes the left-handed lepton doublet column vector, and N R represents the right-handed neutrino column vector with the N αR components. After spontaneous gauge symmetry breaking, the above Dirac neutrino mass term turns out to be
where M ν = Y ν H with H = v/ √ 2 and v ≃ 246 GeV. The three neutrino masses m i (for i = 1, 2, 3) can therefore be achieved from diagonalizing M ν if its texture is specified in a given model, but the smallness of m i is not really explained in this manner. While many theorists believe that the neutrinos should be Majorana fermions [4] , by which their small masses can be naturally understood via a seesaw mechanism [5, 6] , the simplicity of the Dirac neutrino mass generation mechanism do attract quite a lot of attention [7, 8] . Before the Majorana nature of massive neutrinos is ultimately determined with the help of a measurement of the neutrinoless double-beta decay or other lepton-number-violating processes [9] , it makes sense to study the phenomenology of Dirac neutrinos as well.
Assuming the massive neutrinos to be the Dirac fermions, we shall begin with Eq. (2) to explore the µ-τ reflection symmetry of L ′ Dirac and the resulting texture of M ν in the basis where the flavor eigenstates of three charged leptons are identified with their mass eigenstates. The motivation for this study is simply because such a flavor symmetry may naturally lead us to the phenomenologically favored predictions θ 23 = π/4 and δ = 3π/2 in the standard parametrization of the 3×3 Pontecorvo-Maki-Nakagawa-Sakata (PMNS) lepton flavor mixing matrix U [10] that is used to diagonalize M ν M † ν . Provided the µ-τ reflection symmetry is realized at a superhigh energy scale Λ µτ , we shall investigate how it is spontaneously broken due to the running of M ν from Λ µτ down to the Fermi scale Λ F ∼ v ∼ 10 2 GeV through the one-loop renormalization-group equations (RGEs) in the framework of either the MSSM or the type-II 2HDM. Such quantum corrections to the three neutrino masses and four flavor mixing parameters will be derived, and an analytical link will be established between the Jarlskog invariants of leptonic CP violation at Λ µτ and Λ F . We shall also present some numerical 1 If the minimal supersymmetric standard model (MSSM) is concerned, the charged-lepton and neutrino sectors are associated with the Higgs doublets H 1 (with the hypercharge +1/2 and the vacuum expectation value v cos β/ √ 2) and H 2 (with the hypercharge −1/2 and the vacuum expectation value v sin β/ √ 2), respectively [2] . But for the type-II two-Higgs-doublet model (2HDM), the Higgs doublet H 1 is coupled to both the charged-lepton and neutrino sectors [3] . These two interesting scenarios will be used to illustrate quantum corrections to the µ-τ reflection symmetry in section 4. examples in both the MSSM and the type-II 2HDM to illustrate how the octant of θ 23 , the quadrant of δ and the neutrino mass ordering are correlated with one another as a result of the RGE-triggered µ-τ reflection symmetry breaking effects.
The content of this work is new in several aspects. First, applying the µ-τ reflection symmetry to the Dirac neutrino mass term, in which M ν is in general neither symmetric nor Hermitian, has not been tried before. Second, the integral form of the RGE corrections to M ν is derived for the first time, so is the integral form of the RGE effects on the neutrino masses and flavor mixing parameters. Third, a concise analytical relationship between the Jarlskog invariants of CP violation at Λ µτ and Λ F is derived for the first time. Fourth, a comparison is made between the MSSM and the type-II 2HDM, which leads to the opposite deviations of θ 12 , θ 13 , θ 23 and δ from their corresponding values in the µ-τ reflection symmetry limit.
The remaining parts of this paper are organized as follows. In section 2 we shall find out the constraint conditions which allow the Dirac neutrino mass matrix M ν to be invariant under the µ-τ reflection transformation. Section 3 is devoted to the derivation of the integral form of the RGE corrections to
where
Moreover, let us parametrize U as U ≡ P V , where P = Diag{e iφ e , e iφ µ , e iφ τ } is an unphysical phase matrix associated with the charged-lepton fields 3 , and 
with c ij ≡ cos θ ij and s ij ≡ sin θ ij (for ij = 12, 13, 23) . At a given energy scale, one may rotate away P and then express the four flavor mixing parameters of V in terms of the elements of
where B = Be i(φ µ −φ e ) and D = De i(φ τ −φ µ ) . In this way the unphysical phases hidden in B and D will be cancelled by φ µ − φ e and φ τ − φ µ , respectively. Then we do a similar diagonalization of H ν as that done in Ref. [14] and obtain
together with the typical predictions
These two numerical predictions, which have been well known for the Majorana neutrino mass matrix with the µ-τ reflection symmetry [15] , are now achieved in the Dirac case with the same flavor symmetry. It is easy to see that Eq. (16) leads us to the equalities
which are sometimes referred to as the µ-τ reflection symmetry at the PMNS matrix level. One may therefore define the asymmetries 1, 2, 3) to measure the effects of µ-τ symmetry breaking in a rephasing-invariant way [16] .
Of course, it is more fundamental to understand how the µ-τ reflection symmetry of M ν or H ν can be spontaneously or explicitly broken, both for the model-building purpose and for explaining currently available neutrino oscillation data [17] . Following the discussions about the µ-τ symmetry breaking of the Majorana neutrino mass matrix [15, 18] , one can similarly introduce the most general perturbation to the Dirac neutrino mass matrix with the µ-τ reflection symmetry. But we find that it is more convenient to focus on the perturbation to H ν in Eq. (11) instead of M ν in Eq. (9), simply because the former is always Hermitian. In this case the perturbation matrix ∆H ν can also be arranged to be Hermitian, and it can be decomposed into two parts: one part conserves the original µ-τ reflection symmetry and the other part violates this symmetry. Namely,
where δ ee , δ µµ and δ τ τ are real, and all the parameters are expected to be reasonably small in magnitude. Because the symmetry-conserving part can be absorbed into H ν via a redefinition of its initial matrix elements, we are then left with
and
It is obvious that ǫ 1 and ǫ 2 are complex and real, respectively. These two dimensionless parameters will vanish, if ∆H ν respects the µ-τ reflection symmetry.
Although the above formulism can provide us with a generic picture of the µ-τ symmetry breaking, it has to be specified so as to see the explicit symmetry-breaking effects. In the following we shall assume that the µ-τ reflection symmetry is realized at a superhigh energy scale Λ µτ , and examine its breaking at the Fermi scale Λ F via the one-loop RGEs.
RGE corrections to H ν
From the point of view of model building, a specific flavor symmetry is usually realized at a superhigh energy scale where some fundamental new physics beyond the SM can naturally manifest itself. In this case the phenomenological consequences of such a flavor symmetry should be confronted with the low-energy experimental data by running the relevant physical quantities down to the Fermi scale Λ F via the RGEs. In Ref. [16] the one-loop RGEs of the µ-τ asymmetries A i of the PMNS matrix U have been derived. Here we are going to derive the integral form of the RGE corrections to M ν and H ν .
The differential form of the one-loop RGE for the Dirac neutrino mass matrix M ν in the framework of the MSSM or the 2HDM is known as [19, 20] 
where t ≡ ln Λ/Λ µτ with Λ being a renormalization scale, Y ν and Y l are the Yukawa coupling matrices of the neutrinos and charged leptons, respectively. Given the MSSM, one has C ν = 3, C l = 1, and G ≃ −0.6g (22). In the basis that we have chosen (i.e., the mass eigenstates of three charged leptons are identified with their flavor eigenstates),
(for α = e, µ, τ ) with tan β being the ratio of the vacuum expectation value of H 2 to that of H 1 in the MSSM or the type-II 2HDM. Then Eq. (22) leads us to the RGE of H ν as follows:
Integrating Eq. (23) from Λ µτ to Λ F , we immediately arrive at
where H ν and H ′ ν are associated respectively with the scales Λ µτ and Λ F , T l ≡ Diag{I e , I µ , I τ }, and the evolution functions are
where t ′ ≡ ln(Λ F /Λ µτ ), and α runs over e, µ and τ . If one is more interested in the relationship between M ′ ν at Λ F and M ν at Λ µτ , then it is straightforward to obtain
either from integrating Eq. (22) [21] . It is therefore an excellent approximation to take T l ≃ 1 − Diag{0, 0, ∆ τ } with 1 being the 3 × 3 unitary matrix and
which is a small quantity of O(0.1) or much smaller. To illustrate, Figure 1 shows the numerical changes of I G and ∆ τ with the energy scale Λ in the MSSM and the type-II 2HDM by fixing Λ µτ = 10 14 GeV as the initial point and taking tan β = 10 and 30 as two typical inputs. One can see that the signs of ∆ τ are opposite in these two scenarios, and thus they are distinguishable at low energies. Now let us assume that the µ-τ reflection symmetry of M ν in Eq. (9) or H ν in Eq. (11) is realized at Λ µτ . Then at the electroweak scale Λ F we have
or equivalently,
in which the smallness of ∆ τ has been taken into account. It is clear that the term proportional to ∆ τ measures the strength of µ-τ symmetry breaking. Even if M ν is taken to be Hermitian, the RGE-induced quantum correction will violate that Hermiticity at Λ < Λ µτ . In comparison, the Hermiticity of H ν is preserved in the whole RGE evolution from Λ µτ down to Λ F .
At this point it is worth comparing the generic expression of H ′ ν in Eq. (19) with the explicit one in Eq. (28) . Of course, it is straightforward to decompose the latter into a part respecting the µ-τ reflection symmetry and a part violating this flavor symmetry, from which one can easily obtain the dimensionless perturbation parameters
implying that the only source of µ-τ reflection symmetry breaking in our example is the RGEinduced ∆ τ term. In practice, it should be more convenient to directly use Eq. (28) to do a perturbation calculation of the neutrino masses and flavor mixing parameters. Before we start from Eq. (28) to derive the analytical expressions of three neutrino masses and four flavor mixing parameters at Λ F in the next section, let us first derive two interesting relations with no need of doing any perturbation calculation. Eq. (11) 
with m i and m ′ i (for i = 1, 2, 3) stand for the neutrino masses at Λ µτ and Λ F , respectively. Considering the traces of H ν and H ′ ν in Eq. (24), we obtain
with α and i running over (e, µ, τ ) and (1, 2, 3) , respectively. But it is more interesting to establish an instructive relationship between the Jarlskog invariant of CP violation J at Λ µτ , defined through [22] Im
with the subscripts (α, β, γ) and (i, j, k) running respectively over (e, µ, τ ) and (1, 2, 3) , and its counterpart J ′ at Λ F . To do so, we first write out the elements of H ′ ν in Eq. (24) in terms of the neutrino masses and the PMNS matrix elements:
in which both α and β run over e, µ and τ . Note that U = P V (or U ′ = P ′ V ′ ) contains three unphysical phases. To eliminate them, let us focus on the following rephasing invariant [23] :
where the three neutrino mass-squared differences are defined as ∆m 
which concisely connects the strength of leptonic CP violation at Λ µτ to that at Λ F . Given the parametrization of V in Eq. (13), the Jarlskog invariant J reads as J = 1 8 sin 2θ 12 sin 2θ 13 cos θ 13 sin 2θ 23 sin δ .
If θ 23 = π/4 and δ = π/2 or 3π/2 are taken into account in the µ-τ reflection symmetry limit, then we arrive at |J | = sin 2θ 12 sin 2θ 13 cos θ 13 /8. Taking a similar parametrization for V ′ , one may express J ′ in terms of the corresponding flavor mixing parameters as
In the next section we shall establish the analytical relations between (θ 12 , θ 13 , θ 23 , δ) at Λ µτ and (θ
RGE corrections to U
Let us start from Eq. (28) to do a perturbation calculation in order to derive the analytical expressions of three neutrino masses and four flavor mixing parameters at Λ F . Similar to H ν in Eq. (11), H ′ ν can also be reconstructed in the same way:
in which U ′ = P ′ V ′ with P ′ being a diagonal phase matrix, andM 
Treating ∆ τ as a small perturbation parameter, let us define the RGE-induced deviations of the relevant flavor mixing angles and phase parameters at Λ F from their original counterparts at Λ µτ as follows:
which are expected to be small enough in magnitude as compared with their respective starting values at Λ µτ . Note that θ 23 = π/4 and δ = π/2 or 3π/2 at the µ-τ reflection symmetry scale Λ µτ will be implied in the subsequent perturbation calculations. Note also that only two combinations of the three unphysical phases in P or P ′ , as indicated in Eq. (41), are associated with our derivation of the RGEs for the physical parameters. They ought not to be ignored in the course of the calculations, but of course they do not show up in the final results of ∆θ 12 , ∆θ 13 , ∆θ 23 and ∆δ. Next we expand the elements ofM ′2 ν in terms of the above perturbation parameters and only keep their first-order contributions.
First of all, it is straightforward to obtain the analytical results of three neutrino masses from the diagonal elements ofM .
Obviously but interestingly, m ′ i /m i ≃ I G holds in the leading-order approximation, implying that the three neutrino masses almost run in step. Given I e ≃ I µ ≃ 1 and I τ ≃ 1 − ∆ τ and the µ-τ reflection symmetry at Λ µτ , it is easy to check that the product of m 
which is consistent with the more generic one derived in Eq. (32) if the same approximations are made and the µ-τ reflection symmetry is taken into account. Second, the off-diagonal elements ofM 
where η ≡ sin δ = ±1 in the µ-τ reflection symmetry limit, and m ij ≡ m [24] . On the other hand, the smallness of s 13 [25] implies that the magnitude of ∆θ 13 must be smaller than that of ∆θ 23 . But the expression of ∆δ contains three terms proportional to s 13 and one term proportional to 1/s 13 , and hence the overall running effect of δ is generally expected to be more significant than those of three flavor mixing angles, or at least than those of θ 13 and θ 23 . Note that φ µ + φ τ = 2φ e holds at Λ µτ due to the µ-τ reflection symmetry of H ν , and hence 2φ
is not vanishing at Λ F , providing us with another (unphysical) measure of the RGE-induced µ-τ reflection symmetry breaking of H ′ ν . There are two ways to calculate the Jarlskog invariant J ′ at Λ F : one is to apply Eq. (42) to the elegant relationship between J and J ′ in Eq. (36) with I e ≃ I µ ≃ 1 and I τ ≃ 1 − ∆ τ , and the other is to do a direct perturbation calculation of J ′ by using Eqs. (38), (45) and (46). After doing such a calculation, we obtain the ratio of J ′ at Λ F to J at Λ µτ as follows: .
Different from δ, J evolves in a way insensitive to the smallness of θ 13 .
We proceed to numerically illustrate the RGE-induced corrections to the neutrino masses and flavor mixing parameters in the MSSM and the type-II 2HDM by using the program advocated in Ref. [26] and taking Λ µτ = 10 14 GeV as a typical choice, where θ 23 = π/4 and δ = 3π/2 are input. For the sake of simplicity, we adjust the initial values of m 1 (or m 3 ), ∆m 2 21 , ∆m 2 31 , θ 12 and θ 13 to make sure that all the neutrino oscillation parameters can be compatible with current experimental data at Λ F [24] . The main numerical results are summarized in Tables 1 and 2 Table 1 and Figure 2 show that the values of three flavor mixing angles increase in the NH case as the energy scale Λ decreases, but θ 13 and θ 23 decrease in the IH case as Λ decreases. In either case a larger value of tan β will enhance the running effects. Such a direction of evolution of ∆θ ij (for ij = 12, 13 or 23) can easily be understood from our analytical approximations made in Eq. (45). In comparison, the CP-violating phase δ decreases in both NH and IH cases when Λ becomes lower. The reason for this behavior can be seen in Eq. (46) -namely, δ = 3π/2 (or η = −1) has been input at Λ µτ , and ∆δ Table 1 : An illustration of the neutrino oscillation parameters at Λ µτ and Λ F in the MSSM with tan β = 10 or 30, where both NH and IH cases are considered.
MSSM
NH, tan β = 10 NH, tan β = 30 IH, tan β = 10 IH, tan β = 30 Figure 3 tell us that the magnitude of the Jarlskog invariant (i.e., |J |) increases as Λ decreases, no matter whether the neutrino mass hierarchy is normal or inverted. Eq. (47) shows that the ratio J ′ /J must be slightly larger than one if the term proportional to m 2 2 /∆m 2 21 is dominant. Although the above observations are more or less subject to the limited parameter space that we have taken into account, our analytical results in Eqs. (45), (46) and (47) Figure are opposite in these two scenarios. Because of C l = 1 in the MSSM and C l = −3/2 in the type-II 2HDM, the magnitude ∆ τ in the latter case is about 1.5 times larger than that in the former case. That is why we have taken the type-II 2HDM scenario for our numerical illustration, in contrast with the MSSM scenario. Note, however, that the evolution of ∆J with Λ is a bit subtle in the type-II 2HDM case when tan β is sufficiently large. For example, the minimum of ∆J shown in the right-bottom panel of Figure 3 is expected to arise from a significant cancellation among the terms on the right-hand side of Eq. (47). (3) It is worth highlighting that the RGE-induced effect of µ-τ reflection symmetry breaking provides a model-independent way to connect three burning issues in today's neutrino physics: the neutrino mass ordering, the octant of θ 23 and leptonic CP violation. Some interesting works have been done in this regard in the case that the massive neutrinos are the Majorana particles [15, 16, 18, 27] . Here we have discussed how the µ-τ reflection symmetry of Dirac neutrinos can be spontaneously broken by the RGE evolution from Λ µτ down to Λ F in the MSSM and the type-II 2HDM, and how this symmetry breaking affects the octant of θ 23 and the quadrant of δ in both NH and IH cases. As shown in Figure 2 , the type-II 2HDM scenario seems to be somewhat favored if we stick to the best-fit value of θ 23 at low energy scales [24] , which lies in the first octant in the NH case but in the second octant in the IH case 4 . For the time being, however, the "best-fit" values of θ 23 from a global analysis of current neutrino oscillation data should not be taken too seriously, because their statistical significance remains rather poor [24] . It is more appropriate to consider the 2σ or 3σ intervals of those neutrino oscillation parameters, in which case the octant of θ 23 is not yet fixed 5 . (4) As a by-product, Figure 4 illustrates the evolution behaviors of three neutrino masses in both NH and IH cases. Since we have intended to take m lightest = 0.05 eV at Λ F in our numerical calculations so as to reasonably magnify the RGE running effects, the neutrino mass spectrum is not far away from the nearly degenerate case with a fine split between m 1 and m 2 even if it is normal. Our numerical results are consistent with the analytical ones obtained in Eq. (42) -namely, the evolution of m i is mainly governed by that of I G and thus insensitive to the value of tan β. For the same reason, the results of m i in the MSSM are not very different from those in the type-II 2HDM.
Summary
While the nature of massive neutrinos (i.e., whether Dirac or Majorana) remains an intriguing puzzle in particle physics, it is largely believed that there should exist an approximate µ-τ reflection symmetry behind the observed pattern of lepton flavor mixing. In this work we have studied such a simple but interesting flavor symmetry for the Dirac neutrino mass matrix, which can naturally predict θ 23 = π/4 and δ = π/2 or 3π/2 in the standard parametrization of the PMNS matrix U. Assuming the µ-τ reflection symmetry is realized at a superhigh energy scale Λ µτ , we have investigated how it is spontaneously broken via the one-loop RGEs running from Λ µτ down to the Fermi scale Λ F in two interesting scenarios: the MSSM and the type-II 2HDM. Such quantum corrections to the neutrino masses and flavor mixing parameters have been derived in a perturbation approach, and an analytical link has also been established between the Jarlskog invariants of leptonic CP violation at Λ µτ and Λ F . In addition, we have illustrated the running behaviors of relevant physical quantities by taking a few typical numerical examples in the MSSM and the type-II 2HDM.
A particularly striking point of view associated with this kind of study is that the octant of θ 23 , the quadrant of δ and the neutrino mass ordering might be correlated with one another thanks to the RGE-triggered breaking of µ-τ reflection symmetry. We have illustrated this observation both analytically and numerically by considering the massive Dirac neutrinos in the MSSM and the type-II 2HDM, and found that these two scenarios lead us to the opposite deviations of θ 12 , θ 13 , θ 23 and δ from their corresponding values in the µ-τ reflection 4 If one works on the RGEs in the SM framework, then ∆θ ij and ∆δ will evolve with the energy scales in a similar way as in the type-II 2HDM scenario. In this case, however, the running effects of relevant parameters are expected to be much milder because of the lack of the tan β enhancement. More seriously, the SM-like RGEs may suffer from the vacuum-stability problem as the energy scale is above 10 10 GeV [21] . 5 At this point it is worth mentioning that the latest T2K neutrino oscillation result provides a very preliminary hint that θ 23 might lie in the second octant in the NH case [28] , a possibility compatible with our results in the MSSM scenario shown in Table 1 and Figure 2 . 14 GeV are fixed by the µ-τ reflection symmetry.
symmetry limit. Therefore, the future experimental data on the neutrino mass ordering and flavor mixing angles will allow us to make a choice between the MSSM and the type-II 2HDM, at least in this connection. Our results are also expected to be useful for building explicit Dirac neutrino mass models and explaining upcoming neutrino oscillation data.
